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C*-ALGEBRAS WITH HAUSDORFF SPECTRUM
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ANSTRACT. By the spectrum of a C*-algebra we mean the set of
unitary equivalence classes of irreducible representations equipped with the
hull-kernel topology. We are concerned with characterizing the C*-algebras
with identity which have Hausdorff spectrum. We characterize the C*-algebras
with identity and bounded representation dimension which have Hausdorff
spectrum. Our results are more natural when the C*-algebra is singly generated.
For singly generated C*-algebras with unbounded representation dimension, we
reduce the problem to the case when the generator is an infinite direct sum
of irreducible finite scalar matrices, and we have partial results in this case.

1. Introduction and preliminaries. For a C*-algebra A let A be the spectrum
of A; that is, A is the set of unitary equivalence classes of nonzero irreducible
representations of A equipped with the hull-kernel topology [5, paragraph 3].

In this paper we attempt to characterize those C*-algebras with identity that
have Hausdorff spectrum. For 4 a bounded linear operator on a Hilbert space
let C*(A4) be the C*-algebra generated by A4 and the identity. We say that 4
has Hausdorff spectrum if C*(4)" is Hausdorff. We started our research in this
direction as a result of John Ernest’s question of characterizing the operators A
with Hausdorff spectrum [7]. Although we state many of our results for arbi-
trary separable C*-algebras with identity, most of our results have more natural
interpretations in the case of singly generated C*-algebras.

It follows from J. Glimm’s theorem [10, p. 582] that if A is a separable
C*.algebra, then A is T, if and only if A is GCR (or postliminal), and A is T,
if and only if A is CCR (or liminal). I.Kaplansky [13, Theorem 4.2] proved
that if A is a C*-algebra such that all irreducible representations of A are of the
same finite dimension, then the primitive ideal space of A is Hausdorff in the
hull-kernel topology. In this case, the primitive ideal space is homeomorphic to
A, so that R is also Hausdorff. J. M. G. Fell proved a theorem [8, Corollary 1,
p. 388] which has Kaplansky’s result as a corollary.

We recall one characterization of Hausdorff spectrum that is in the literature
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[12], [18]. If A is a C*-algebra with identity, and center C, then A is called
central if for all primitive ideals T and J of A, I'N C= J N C implies that

T =J. It follows from [12], [18] that if A is a separable C*-algebra with
identity, then .& is Hausdorff if and only if A is central and GCR. However we
know of no natural way to compute the center of a singly generated C*-algebra
C*(A) in terms of the operator 4, so we do not regard this necessary and suf-
ficient condition as a satisfactory answer to the problem. We will make no use
of this condition in our paper.

We say that a C*-algebra A has bounded representation dimension if there
is an integer N such that every irreducible representation of A acts on a Hilbert
space of dimension less than or equal to N. In §2 we prove decomposition
theorems, 2, 6, and 10, which give necessary and sufficient conditions for
C*.algebras with identity and bounded representation dimension to have Haus-
dorff spectrum. In §3 we show that, to characterize which operators 4 have
Hausdorff spectrum, it suffices to consider only operators 4 which are (possibly
infinite) direct sums of irreducible finite complex matrices. We are not able to
give a complete characterization in the case of unbounded representation dimen-
sion, but we do give some partial results. We conclude with some remarks con-
cerning the lifting of matrix units. We show that matrix units cannot necessarily
be lifted from the Calkin algebra.

We recall the hull-kernel topology on ;( ForSC K, the closure of S is
the set {7 € A:Kerr2 N {Ker p: p €S}}. The open sets of A are all of the
form {r € A: |7 # O}where J is a closed two-sided ideal in A. If {4,}isa
dense subset of A, then the sets Z; ={nr € A: llm(4;)Il > 1} form a base for the
topology of A. The tools used in the present paper are standard and are mostly
contained in [5]. We will make frequent and extensive use of [S, §3.3], which
was mostly taken from Fell’s paper [8, §9].

We make some remarks on notation. We will use script letters A, B, . . .
for C*-algebras and Latin letters 4, B, . . . for operators on a Hilbert space. We
will denote the algebra of all bounded operators on a Hilbert space H by B(H)
and the ideal of all compact operators by K(H). We will use H, to denote the
Hilbert space associated with some representation m: A — B(H,). We denote
{4 € A: n(4) = 0} by Ker m.

At the beginning of §2 we state our results both for C*-algebras A and
singly generated C*-algebras C*(4). However, in the later parts of the paper
we state our results only for algebras or operators.

2. Some decomposition theorems and the case of bounded representation
dimension. Let A be a separable C*-algebra with identity J and assume that A
is Hausdorff. If p and @ are irreducible representations of A and Ker p =Ker 0,
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then p is in the closure of the singleton set {8} in K Thus p and 6 must be
unitarily equivalent since A is Hausdorff. Hence, by [5, 9.1], A is GCR and
p(A) must contain K(H,). If K(H,) were properly contained in p(A), then
there would exist an irreducible representation 7 of A with Ker p properly con-
tained in Ker #. This would contradict ,& being Hausdorff, hence we must have
p(A) = K(H,), and K(H,) must have an identity. Thus H{, must be finite di-
mensional. We have thus proved the following theorem.

THEOREM 1. If A is a separable C*-algebra with identity such that Ais
Hausdorff, then every irreducible representation of A must be finite dimensional.

We note that Theorem 1 is not true if we drop the hypothesis of A con-
taining an identity. For if H is a separable infinite dimensional Hilbert space,
then K(H) is a separable C*-algebra whose spectrum consists of a single point,
and thus is Hausdorff, but has no representation of finite dimension. Theorem 1
is basic to much of what follows. The problem of characterizing when Ais
Hausdorff for algebras without identity seems more difficult, and in this paper
we will usually assume A has an identity.

As in [15] we call a C*-algebra A n-normal if forall 4,, 4,, . . ., 4,
in A we have
®) Esgn(o)Ao(l)Ao(z) g, =
where the summation is taken over all permutations of 2n objects. An opera-
tor A is called n-normal if C*(4) is n-normal. We note that the identity () is
satisfied by the full » x n matrix algebra over a commutative C*-algebra [15,
§3]. A representation 7 of a C*-algebra A is called n-normal if the C*-algebra
n(A) is n-normal. An operator A is called pure n-normal if A is n-normal but
no direct summand of A is k-normal for any k <n. A representation is called
pure n-normal if it is n-normal but no subrepresentation is k-normal for any
k<n.

n

THEOREM 2. Let A be a separable C*-algebra such that every irreducible
representation of A is finite dimensional. If m: A — B(H,,) is a nondegenerate
representation of A on a separable Hilbert space, then m = I, ., ) m, where
each m, is pure k-normal. If m is an n-normal representation then each k € I
is less than or equal to n, and one need not assume that A or H,, are separable.

ProoF. Since A is GCR we may apply Theorem 8.6.6 of [5] to obtain
measures {1, H,, . . . , M, ON A, pairwise disjoint, such that

W 1= odu0) 02 pdn,0)®... 08, [ pdu (o).
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If A, = {0 € A: dim(H,) <n}, then A= U, _ A, and each A, is closed in
A [5, 3.6.3]. We may thus write, for each i and n,

@ [Peas@ =3 sdu(e) [ pdue)

where X is the complement of ,&n in A. Now for some  and i we must have
that ui(,&n) # 0, in which case the first representation in the right-hand side

of equation (2) is nondegenerate and n-normal. By applying the decomposition
of (2) to (1) and rearranging, we have for some n that m = 6 @ 0’, where 0 is
an n-normal nondegenerate representation. We have thus shown that if = is any
nondegenerate representation of A on a separable Hilbert space, then some sub-
representation of = is n-normal for some n. Now let n, be the smallest integer
such that 7 has a subrepresentation that is n-normal. By Zorn’s lemma there

is a maximal family F ={H, (m0)} of orthogonal subspaces of H,, each re-
ducing 7, such that each ﬂIH("O) is ny-normal. Let Hro) = Z, @ H("O)

Now pick a maximal family F, ,, = {H("OH)} D ¥, of orthogonal sub-
spaces of H,, each reducing =, such that each nIH(" 0t 1) jg (ny + 1)normal. Let
HrotD -3 @H("OH ). Continue to choose maximal families F, , , {Hf,” +D}
DF, of orthogonal subspaces of H,,, each reducing m, such that 7rIH("Jr Dism+ 1)
normal. AgainletH#**1) =32 @H("+ ), Then H("O) C H(”"“) C...,andeach
alH™) is n-normal. Now let H,, = H("°) and H =Hr*+*H o H(") for
n>ny. LetI={k€Z*: H, £ (0}), and let H,, Zer D H,. Since

nlH © H_, is a subrepresentation of 7 which by maximality contains no k-nor-
mal subrepresentation for any k, we obtain that H = H_,. Furthermore, for

k €1, m, = alH, is clearly k-normal, and must be pure k-normal by the maxi-
mality of F,_,. Hence 7=2,, 3] m, with each m, pure k-normal. If x is

a nondegenerate n-normal representation of any C*-algebra A then the first

part of the proof is superfluous since any subrepresentation of = is n-normal.

In this case H = H") and we must have that k € I implies k < n.

CoROLLARY 3. If A is a bounded operator on a separable Hilbert space
such that every irreducible representation of C*(A) is finite dimensional, then
A=Z o, D 4 x Where each A, is pure k-normal.

ProOF. Apply Theorem 2 to the identity representation of C*(4) and
let A; = m(A).

Let A be a C*-algebra and let 6: A — B(H) be a representation. Then
the map E 6(AY — A defined by 8(p) = po 0 is one-to-one and continuous.
Thus 6(A)” must be Hausdorff if A is Hausdorff. Hence if A is a separable
C*.algebra with identity and Hausdorff spectrum, then the C*-algebras m,(A)
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in Theorem 2 also have Hausdorff spectrum. Likewise, if 4 has Hausdorff
spectrum, then the A, in Corollary 3 also have Hausdorff spectrum. We need
the following two lemmas which will be used several times.

LEMMA 4. Let §: A — B(H) be a representation of a C*-algebra A. If
O(A) is Hausdorff, then §(8(A)") is closed in A" and is a Hausdorff space in the
relative topology from A”.

ProoF. This follows immediately from [5, 3.2.1].

LEMMA 5. Let m: A — B(H) be a representation of a C*-algebra A such
that m= Z;c; (35 m, each m; a representation of A. Then each ; gives rise to
a representation of m(A) into m(A), which we call P,, defined by P,(n(A4)) =
n(A4). Then U,e ,Pi(ﬂi(A)“) is dense in n(A)".

ProOF. Let U= {6 € n(A)": 817 # 0} be any nonempty open set in
m(A)", where J is a nonzero closed ideal in m(A). Let 0 # m(4) € J and choose
i with m(4) # 0. Then for p; € m(A)" with p(m(4)) # 0 we have that
P(p;) € U. Hence U e ,Pi(n,.(A)‘) is dense in m(A)".

The following theorem is now immediate from Lemmas 4 and S.

THEOREM 6. Let w be a nondegf:nerate representation of a separable
C*-algebra A with identity such that m = 2;'=l ©® m, n a finite integer, and
each m; a nondegenerate representation of A. Then m(A) has Hausdorff spec-
trum if and only if each m,(A) has Hau:sdorff spectrum. If every irreducible
representation of A is finite dimensional, then we do not need to assume that
A is separable.

PROOF. Since we have representations P;: m(A) — m,(A), each m,(A) has
Hausdorff spectrum if m(A) has Hausdorff spectrum. On the other hand if each
m(A) has Hausdorff spectrum, then by Lemmas 4 and 5 we have that #(A)" =

" B(n(A)) and each f’,.(n,.(A)') is closed in m(A)" and is a Hausdorff space
in the relative topology from m(A)". It is then clear that every net in m(A)" has
a unique limit point.

CoROLLARY 7. If A is a bounded operator on a Hilbert space and A is
a finite direct sum of operators A, A = T}, @ Aj, then A has Hausdorff
spectrum if and only if each A; has Hausdorff spectrum.

We will give an example in §3 to show that if 7 = 2;3.‘_.19 m;, then each
m,(A)" can be Hausdorff without m(A)" being Hausdorff; thus the hypothesis
of only a finite number of direct summands in Theorem 6 and Corollary 7 is
necessary. Theorem 6 implies the following (probably known) corollary.
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COROLLARY 8. Every finite dimensional C*-algebra has Hausdorff spec-
trum.

ProoF. First, we include a proof that a finite dimensional C*-algebra A
has only a finite number of unitarily inequivalent irreducible representations.
Let p,, p,, . . ., p, be unitarily inequivalent irreducible representations of A
and let p = ZL | () p; p: A— B(H ,)- By Kadison’s transitivity theorem [S,
2.8.3], p is a cyclic representation. Hence n < dim H p S dim A. Now let
Py>Pys - - - » Py be all the irreducible representations of A up to unitary equiv-
alence, and let p = 2;; 1 ($2) p;- Then A is isomorphic to p(A). Since each
p,(A) is a full finite matrix algebra, each p,(A)” is a single point and thus Haus-
dorff. Theorem 6 then implies that p(A)" and hence A is Hausdorff.

If A has bounded representation dimension N, then A is N-normal. For
A a C™-algebra with identity and bounded representation dimension, let n
be a faithful nondegenerate representation of A. Then by Theorem 2 we can
write 7 as a finite direct sum of pure k-normal representation. Theorem 6 then
implies that in order to characterize when a C*-algebra with identity and
bounded representation dimension has Hausdorff spectrum, one need only
characterize when m(A) has Hausdorff spectrum for 7 a pure k-normal repre-
sentation of A. This is done in Theorem 10.

Let m: A — B(H) be an n-normal representation. Then, by [15], n(A)"
= Zio ® M, (C,), where M, (C,) is the algebra of k x k matrices with entries
from the abelian W*-algebra C,. Let I, be the element in Z}_, @ M. (C)
with the identity in the ith coordinate and zeros elsewhere. Then n(4) —
Im(A)I; is an i-normal subrepresentation of 7. Thus if « is a pure n-normal
representation then m(A)" = M, (C,). In this case, let D be the C*-subalgebra
of C, generated by the matrix entries from elements of m(A). Let X(m) be the
maximal ideal space of 0. For p € X(), let p be defined on M, (D) by A((D;;))
= (p(D;)). Then p is a representation of M, (D) into B(C"). As in [2, Proposi-
tion 2] every irreducible representation of a(A) is of the form n(4) —
p(m(A))IM for some p € X(n) and for some subspace M reducing for 5(m(A)).

LEMMA 9. Let m: A — B(H) be a pure n-normal representation of a
C*-algebra A with identity. Then Y = {w € X(n): @|n(A) is irreducible} is dense
in X(n).

ProoF. Let D and X(m) be defined as above. Then D = C(X(n)) the set
of all continuous complex-valued functions on X(m). Suppose that 6: C(X(m))
— B(H'") is a faithful representation of C(X(w)) on a Hilbert space H’, and let
E be the regular spectral measure associated with 6 by the general spectral
theorem. That is, 8(f) = [fdE for all f € C(X()). Let @ be the associated



C*-ALGEBRAS WITH HAUSDORFF SPECTRUM 205

representation of M, (C(X(m))) on the direct sum of n-copies of H’, defined by
é((fii)) = (G(f,.j)). Then = is unitarily equivalent to the representation 4 —
6(m(A)), where we identify m(4) as an element of M, (C(X(m))). Now let S be
the complement of Y in X(m). Define the representation a: C(X(m)) —
B(E(S)H") by o(f) = 0(NHIES)H', and let & be the associated representation of
M, (C(X(m))) on the direct sum of n-copies of E(S)H'. Now, for w € S,
&(n(A)) is (n — 1)-normal, and a computation then shows that 3(w(A)) is also
(n — 1)-normal. But the representation 4 > G(m(A4)) is a subrepresentation of
the representation 4 — 5(1:(A)). Since =, and hence 4 +— 5(1:(A)), is pure
n-normal we must have that E(S) = 0. Hence support(E) C Y. But @ is faith-
ful, so if f € C(X(m)) satisfies f(support E) = 0 then f=0. Hence Y = X(n)
and the lemma is proved.

THEOREM 10. Let m: A —> B(#) be a pure n-normal representation of a
C*-algebra A with identity. Then n(A) has Hausdorff spectrum if and only if,
for every p € X(m), pln(A) is a direct sum of unitarily equivalent irreducible
representations of n(A).

ProoF. First assume that, for all p € X(m), pln(A) is a direct sum of
unitarily equivalent irreducible representations of m(A). Let m, be a net in
n(AY" converging to both m, and , in m(A)". Again applying [2, Proposition 2]
we obtain that for each a there is a w, € X(7) and a reducing subspace M,
for &, (m(A)) such that T (n(A)) = c:;a(n(A))IMa. Since X(m) is compact we
can assume by passing to a subset that w, converges to w, € X(). Now con-
sider a neighborhood of m; of the form U = {6 € n(A)": 18(n(4))} > 1} , where
A is a fixed but arbitrary element of A. Let € > 0 be such that I, (n(4))l >
1 + €. Then there is an & such that llr (m(4))I > 1 + € for all @ > o,. Since
w, converges to w,, we have that &, (m(4)) converges to &y (m(4)) in norm,
for all 4 € A. But, by our assumption, 630 In(A) = Ef;l 35 m, for some ir-
reducible representation m, of w(A), and @, Im(A) = zx, @ , (this fact fol-
lows from our assumption and [5, 5.3]). Then Iy (n(4) = Imo(m(A4))1 and
I (m(4))l = lm,(m(A))I for all @ Hence llm,(m(4))l converges to o (m(ANN
and we obtain that lImy(n(4))1 > 1 + e. Hence ny € U and {m,} is in the closure
of the singleton set {m,} . But since m(A) is a CCR algebra and CCR algebras
have T'; spectrum [5, 4.1.10 and 4.1.11], this implies that 7, = m,. Likewise
m, = m, and m(A)" is Hausdorff.

Now assume that there is a wg € X(m) such that C;o n(A) ==, &n, On’'
where 7, and =, are unitarily inequivalent irreducible representations of n(A).
Now by Lemma 9 there exists a net w, € X() such that w, converges to w,,
and ®|m(A) is irreducible. Let U = {8 € n(A)": 18(n(4))l > 1} be an open set
containing 7,. Since &, (m(A4))I converges to Iy, (m(4))!l which is greater than
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or equal to llm, (m(4))ll, we have that @y Im(A) € U for all & > ay for some ay.
Hence @, |m(A) converges to m,, and likewise to m,. Thus m(A)" is not Haus-
dorff.

Theorem 2, Theorem 6, and Theorem 10 together give concrete necessary
and sufficient conditions for a C*-algebra with identity and bounded represen-
tation dimension to have Hausdorff spectrum. This result includes Kaplansky’s
result [13, Theorem 4.2] in the case when the algebra has an identity.

With the aid of Theorem 10 we now give some simple examples. Let M,
be defined on L2(0, 1) by M, f)(x) =xf(x) for all f € L*©,1). Fora, BETC,

let 4, 5 be the operator matrix
o M,
0 I

defined on L2(0, 1) ® L2(0, 1). It is easily seen that A, , is always pure 2-norm-
al. Theorem 10 implies that 4, ; has Hausdorff spectrum if and only if a = f.
We remark that this result also follows easily from the results in [2]. Thus the
operator 4, ; is an example of a nonnormal operator with Hausdorff spectrum
which has irreducible representations of dimensions one and two, while the
operator 4, _ is such an example with non-Hausdorff spectrum. Thus

C*4, —1)isa C*-algebra whose spectrum is non-Hausdorff, but which is a
C*-subalgebra of M,(C[0, 1]) whose spectrum is Hausdorff. Thus the property
of having Hausdorff spectrum is not inherited by subalgebras, as is the property
of separable C*-algebras having T, or T spectrum [S, 4.2.4 and 4.3.5].

3. The case of unbounded representation dimension. In this section we
deal only with singly generated C*-algebras. Let 4 be a bounded operator on
a separable Hilbert space and assume that every irreducible representation of
C*(A) is finite dimensional. Then by Corollary 3 we can write 4 = Z, <, D4 X
where each A4, is pure k-normal. Theorem 11 will show that in order to deter-
mine when C*(4) has Hausdorff spectrum, it suffices to solve the case when
each A, is actually an irreducible finite complex matrix.

THEOREM 11. Let A be a bounded operator on a Hilbert space and as-
sume that A is the direct sum of operators A, A= 25—, © A,. Then A has
Hausdorff spectrum if and only if each A, has Hausdorff spectrum and for all
choices of 0, € C*(A,) the operator 25—, D ,(A,) has Hausdorff spectrum.

ProOF. Assume that A4 has Hausdorff spectrum. Then for every k the
operator A, has Hausdorff spectrum since the mapping A — A4, is a represen-
tation of C*(4) (recall that such a representation induces a continuous one-to-
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one mapping from C*(4,)" to C*(4)"). Likewise for all choices 8, € C*(4,)
the mapping 4 — Z_, ®Do «(A,) is a representation of C*(4) so that
2y, D 6,(4,) has Hausdorff spectrum.

Now assume that each A4; has Hausdorff spectrum and that 2;‘;1@ 0,(4,)
has Hausdorff spectrum for all choices 8, € C*(4 k)A. Furthermore suppose
there exist py, p; € C*(A)” which cannot be separated by open sets. Let U}
and {Vi} be countable bases for the open sets containing p, and p, respectively.
Since p, and p, cannot be separated by open sets we must have that U n Vi
# & for all j. By Lemma S for each j we can choose an element 9 € U nvy;
with ¢, € U.. Pk(C*(A «)) where Py (4) = A,. Then the sequence y; con-
verges to both p, and p,. Since each 4, has Hausdorff spectrum, Lemma 4
implies that each f’k (C*(4,)") is closed in C*(4)" and is a Hausdorff space
in the relative topology from C*(4)". Hence only a finite number of the
{¢l} belong to any one Pk(C*(A «)), and by passing to a subsequence we may
assume that if { #j then y; and y; belong to different Pk(C*(Ak) ). Thus for
every j there exlsts k; such that ¢; € Pk (C*4 kj ) and i #j implies k; # k;.
Now since ¢; € Pk (C*(A k;)") there is a 0,, C*(A K ) such that ¢; (A) =
Gk (Pk (A)) Gk (Ak ). Now let 6 be a representatxon of C*(4) deﬁned by
0(A) @ 0k (A,c ). Since, by Corollary 7, a direct summand of an op-
erator w1th Hausdorff spectrum has Hausdorff spectrum, §(4) has Hausdorff
spectrum. Define representations 5;1., Fo, 31 on C*(6(4)) by

é‘kl_(p(e(A), 8(4)%) = ok,(”(Ak,' A,’;j))

and
P (p(6(A), 6(4)*) = p,(p(4, A®),

for p a polynomial in two noncommuting variables. It is clear that 8, i extends
to an irreducible representation of C*((4)). Since g; converges to both p,
and p, in C*(4)", lower semicontinuity of the norm [4, 3.3.2] gives

lo,(p(4, A*))Il < lim inf ||<pl.(p(A, AN
< supllé ki(p(A e AADN = 18(p(4, A®)I.
i i

So that 5; also extend to irreducible representations of C*(8(4)). Also the
same computation shows that 0~"i converges to both p, and p; in C*(9(4))".
Hence p, = p;, which implies p, 2 p,. Contradiction. Hence C*(4)" must
be Hausdorff.

As previously mentioned, if 4 is a bounded operator on a separable
Hilbert space such that every irreducible representation of C*(4) is finite di-
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mensional, then by means of Corollary 3, Theorem 6, Theorem 10, and The-
orem 11 one could decide if C*(4)" had Hausdorff spectrum if one could
settle the question for operators of the form Z, ., @ 4 x With each 4, an
irreducible k x k complex matrix. At the present time we are unable to re-
solve this question, but we do present some partial results.

Let B be any operator on a Hilbert space of dimension N, and let I,
denote the identity operator on a Hilbert space of dimension n. Since the set
of irreducible operators on any separable Hilbert space is dense [11, p. 920],
for every n there is an operator K, with K, | < 1/n such that A, =B ®1, +
K,, is an irreducible operator on the Hilbert space of dimension nV. Let 4 =
Zr-2 @D A,,. Then the following theorem completely describes C*(4) and
its topology in this case.

THEOREM 12. Let A be as above and let B\, B,, . . . , B, be all the
unitarily inequivalent irreducible direct summands of B. Then for every 1 <
i < k there is an irreducible representation m; of C*(A) determined by mn(A) =
B;; and C*(A)Y = {n;: 1 <i<Kk}VU {P,: 2 <n}, where as before P,(A) = A,
The topology is determined by the fact that singleton sets are closed and the
sequence {P,},._, converges to each m, Thus A has Hausdorff spectrum if
and only if B is a direct sum of unitarily equivalent irreducible matrices.

Proor. For any polynomial p in two noncommuting variables we have
that

Ip(B, B = Ip(B ® I, B*® 1 ) = Ip(4 , 4*) +K' |

where K, I converges to zero as n tends to infinity. Hence

lp(B, B*)Il < lim sup(lp(4,,, A1 + K I)
<suplp(4,, AN = lp(4, A®)I.

Hence there is a representation 7 of C*(4) determined by m(4) = B, and then
there are irreducible representations ; of C*(4) determined by m,(4) = B,.
Now, for any polynomial p and for all i and n,

In (o4, 4*)1 = Ip(B,.B)I < lp(B, B¥)I
= lp(d,, A} + K I < Ip(4,, AN + 1K, 1
= IP_(p(4, AH)I + IK' 1.

Hence if I, (p(4, A*))I > 1 then there is an n,, such that IP,(p(4, 4*))I > 1
for all n > n,. Since the-algebra of polynomials in 4 and A* is dense in C*(4)
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we obtain that the sequence {P,},_, converges to each m,.

We now show that the {m;} and {P,} are the only irreducible representa-
tions of C*(4) up to unitary equivalence. Let 6: C*(4) — B(H,) be an ir-
reducible representation of C*(4). By [5, 2.10.2], we can “extend” 6 to an
irreducible representation 6": =7_, & c *(4,) — B(Hy.), where H, is a sub-
space of H,. reducing 6'(4) and 6'(4)IH, = 6(4). Here Z,_, 3% C*(4,) is
the C*-algebra of all bounded sequences with entries from the C*(4,)). Let
I; be the operator in D 37] C*(A,,) with I in the jth coordinate and zeros
elsewhere Since 9’ is irreducible and since 6’ (f ) is a projection, 6’ {; ) is either
zero or [ and 6 (I ) =1 for at most one j. Suppose 0 (I )=1. Then 6 (AI )=
6'(A), and we have an irreducible representation of C*(A ), determined by
A; — 0'(AL)IHy = 0'(4)IHy = 6(4). But since 4;isa ﬁmte irreducible ma-
tnx this 1mphes that 6(4) = 4, and 6 = P, Now suppose 0 (1 ) =0 for all .
Then 6'(Z;- 2®K )= Osothato(E @(B@I )= G(En z@A )=
6'(4). Hence one has an irreducible representation of C*(B) determined by
B— 0, DB L))H, =0'(4)H, =0(4). Hence 6(4) = B, for some
i and thus 6 = m, for some i. Thus C*(4)" = {m;: 1 <i<Kk}U{P,: 2<n}
and all the points are distinct; notice that dim(n,) <N < dim(P,) for all 1 <
i<kand 2 <n. Since all irreducible representations of C*(4) are finite
dimensional, C*(4) is CCR and hence C*(4) is T, [5, 4.1.10 and 4.1.11],
so that singleton sets are closed. The topology is then completely determined
by the fact that the sequence {P,} converges to each m;. For then each P,
is open and for each i the sets {P,: m <n} U {m;} form a base for the open
sets containing m;. It follows that 4 has Hausdorff spectrum if and only if
k =1, that is, B is the direct sum of unitarily equivalent irreducible matrices.

Theorem 12 shows that Theorem 6 does not extend to the case of an
infinite number of direct summands. Also, Theorem 12 shows that there exist
operators 4 with Hausdorff spectrum such that C*(4) does not have bounded
representation dimension.

Let 4 be an operator with the structure of the operator 4 in Theorem 12;
that is, 4 = 7, © 4, with 4, =B ® I, +K,,, 4, irreducible, IK, | — 0,
and B a finite matrix. Smce the set {P,: 2 <n}is dlscrete in C*(4)’, an ap-
plication of the Dauns-Hofmann theorem [6, Remark 7] implies that I e C*4)
for all j. Hence C*(4) contains the C*-algebra ' = =' @ C*(4,) of all se-
quences in 2 8%} C*(4,,) which converge to zero in norm. This observation
motivates our next considerations.

Suppose 4 = Z @An with each 4, an irreducible finite matrix and that
=" C C*(4). Furthermore, assume that the sequence {P, }>_, converges to a
unique irreducible representation 7 with n(4) = B (thus C*(4)" consists of a
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discrete sequence with a single limit point and is hence Hausdorff, thus 7 must
be finite dimensional). As a small step toward completing the characterization
of operators with Hausdorff spectrum, we will show that there is an n, such
that, for alln > ng, A, =B ®1 + K, with IK, I — 0, and I is the identity
on an appropriate space (note that included in this result is the fact that the
dimension of the space that 7 acts on must divide the dimension of the space
that P, acts on for all n > n;). Thus we will obtain a concrete characterization
of those operators A = 2;;1 D 4 n» A, an irreducible finite matrix, such that
C*(A)" is a countable set with a single limit point. Since C*(4)" = {P,: 2 <n}
U {r} , the C*-algebra C*(4)/Z' is isomorphic to B(H,), and we consider x as
the quotient map of C*(4) onto C*(4)/Z', and also as the quotient map of

Z ©C*(4,) onto (Z ® C*4,))/Z".

If the dimension of = is one, then m(4) is a scalar, say m(4) = A. But
then m(4 — M) =050 A — M € Z' and A has the desired structure. - The case
when 7 has higher dimension is somewhat harder. We need to show that matrix
units in C*(4)/Z’ can be lifted to “almost matrix units” in C*(4). We first
need some lemmas. Lemma 13 is known and was shown to us by the late
David Topping. However, we do not know of a published reference, so we in-
clude a proof.

LEMMA 13. Let E and F be projections in B(H). If IEFI < 1, then
E(H) N F(H) = {0} and E(H) + F(H) is closed. Furthermore, if P is defined by
Pz =0 for z € (E(H) + F(H))* and P(x + y) = x for x € E(H), y € F(H), then
P is bounded and IPI < (1 - IEFI)=1/2,

PROOF. Actually, a more detailed analysis than we will do shows that
IPI = (1 — IEFI?)~1/2, However, the estimate in the lemma is all that we will
need. Clearly E(H) N F(H)=0. If Ex =x and Fy =y, then |(x, ¥)| <
IEFI Ix I Iy ll, so that

e + y12 > el? - 21EF1 el iyl + Iy |2

= (1 - IEF(IxI? + Iy1?) + IEFIke] — Iyl
> (1 - IEFT) Ix[2.

It then follows that E(H) + F(H) is closed and IPI < (1 — IEFI)y~1/2,

LEMMA 14. Let E and F be projections in B(H) and assume that |EF| <
1. Then

IE V F)- E - FI<2IEFI(1 - IEFI)=1/2,
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Here E'V F is the supremum of the projections E and F.

ProoF. The right-hand side of the inequality can be improved to (2IEFT)
.(1 = IEFI?)~1/2 but the stated estimate is all that we need. Let P and Q in
B(H) be defined by Pz = 0 = Q(z) if z € (E(H) + F(H))*and, for Ex = x, Fy =
»iletPx+y)=x, Qx +y)=y. Thenforz=x+y withEx=x, Fy=y
we obtain that

IEVF-E-F)zl=Ix+y-x-Ey-Fx-yl
= lEy + Fx|l = |[EQz + FPz|
< |EFQz + FEPzI < IEFI(IQN + IPU) Iz1
< 2IEFI1 - IEFI)~=1/2|z1,

where the last inequality is from Lemma 13. Hence Lemma 14 follows.

We now prove that one can lift a finite family of orthogonal projections
from C*(4)/Z' back to C*(4). It is known that orthogonal projections can be
lifted out of the Calkin algebra [20, Lemma 3.4], but we want to get our
projections in the C*-algebra C*(4).

LEMMA 15. Suppose that A = Z_, @ A,,, with each A, an irreducible
finite matrix and ' C C*(A). If {e;: 1 <i< N}is a finite family of orthogonal
projections in C*(A)/Z', then there is a family of orthogonal projections {E;:

1 <i< NYin C*(A) with n(E;) = e, for all i, where m: C*(4) — C*(4)/Z'
is the quotient map.

ProOOF. Let B; € C*(4) be such that n(B,) = ¢;, We may assume that
B, =B Then B} - B, € Z' for all i, so P,,(B? - B,) — 0 as n — . Hence,
by changing each B, in only finitely many coordinates, we may assume that
IB? - B;I < 1/100 for all . Then there exist @, §, 0 <a < < 1, such that
sp(B;) N (@, B) = B, and a function f continuous on sp(B;) with f(x) = 0 for
x < aand f(x) =1 for §<x. Then f(B,) is a projection in C*(4) and n(f(B,)) =
fle;) = e;. Hence we can assume that all our original B, are projections in C*(4).
Now, for i #, n(B;B;) = 0, so Pn(B,.Bj) — 0 as n — oo. By changing each B,
in only finitely many coordinates we may assume that IlB,.BI- <1 forallij

Let E, =B,. Now, by Lemma 14,

IP,(B,) V ,(8,) - P,(B,) - B, (B,)l
<2IP,(B))P,(B)I1 — IP,(B,)P (B,)I)~1/>.
Hence the element of = & C*(4,,) given by

BV P,B)=@®,B)VP,B)-P,B,)~P,(B,) +B, +B,



212 ' J. W. BUNCE AND J. A. DEDDENS

isin C*(4). Let E, = (P,(B,)V P,(B,)) - B,. Then E, € C*4),E\E, =0
and n(E,) = n(B,) = e,. Likewise, if we let

Ey=(@,(E)V P,(E) VP,BY) - E, ~E,,

then E; € C*(4), n(E;) = e; and {E, E,, E;} are an orthogonal family. The
proof is completed by an induction argument which we omit.

The next theorem is the key to proving the structure theorem that we
promised in the remarks before Lemma 13. The method used in the proof of
Theorem 16 is closely related to the proofs of Lemmas 1.9 and 1.10 in [9].
The fact that matrix units in the Calkin algebra lift to “almost matrix units”
(namely, E,-"]f =Ey, EyFy, =8, Ey, and T Ey; is a projection of finite codimen-
sion) was stated in the preliminary version of [1]. A more general theorem
has been proved by F. J. Thayer [Liftings in the category of C*-algebras, Thesis,
Harvard Univ., 1972], and the result for the Calkin algebra has been proved in
[16]. But we cannot use this fact, since we again need to insure that the matrix
units lift to C*(4).

THEOREM 16. Suppose A = Z_, D 4 n» With each A, an irreducible
finite matrix and C*(A) D Z'. Further suppose that the sequence {P,: 1 <n}
converges to a unique irreducible representation w with N = dim(H,) > 2. Let
{e;: 1 <i, j < N} be elements of C*(A)/Z' such that e =e; eiey =0,
Il ey =1

Then there exist E; € C*(A) such that Ejf = E;,, EyEy = 8,Ey, n(Ey) =
e, and P, (ZY E)) = I, for all n greater than some n.

PROOF. Let B;; € C*(4) be such that n(B;) = e;- By Lemma 15 we
may assume that the {B;;: 1 <i < N} are orthogonal projections. Now for
every i # 1 we have n(B,, — B, B} B;;B;,) = 0.

Hence P, (B, — By, B B;;B,,) — 0 asn — . Thus by making B, ,
zero in the first few coordinates we can assume that

IIBll -BuB;."lB“BulI <1 foralli

Now if C is the abelian C*-algebra (without I) generated by B,, and B, B}, B;,B,,
then C has By, as identity and B, , B}, B; B, , is positive and invertible in C.
Hence if X, € C C C*(4) is the positive square root of the inverse of

B, \B}\B;B,,, then B, = X2,B, | BB, B,,. We note that

- 2 - 2,
e, =X, )%e e, 0,0y, = (X, ey, =7(X, )2,

and hence m(X,;)) =e,,. Nowlet W =X, B B} . Then W W}, =
X:B11B1B;1 By 1 Xy; =By, also n(W, ) = €11€11€; = €y; and m(W; W, ) =
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e;. Hence P, (W}, W,, - B;;) — 0 as n — oo, and there is an m;, such that
WP (wWiW,—-BII<1 foralln> m,.
Now for m = mg = sup{m;: 2 <i <n}, let

— - - %
Clm =P, m(I Bii W’i‘:wu + Biiw:iwli + quuBii)°

Now by [4, §4] each C,,, is positive and invertible and if we let
=-1/2 * -
Sim _Ci;n/ P, (WiiWyi +B, -1

i

then §;,,, is a selfadjoint unitary and

S Wi W19 =P m Bii)-

m m

Let S; € T © C*(4,) be defined by
P (S)=1 ifm<m,

and

P (S)= S,y ifm> m.

Then, for each i, 2 <i <N, S; is a selfadjoint unitary. Now

m—-B,-WiW, +B WL W, +WiW B)=1- e; ey T2, =1

so IC;,, =1, — 0 asm — oo, and IC;,}/> =1 | — 0 as m — oo, Also
n(Wy Wy + By — 1) =2e,; —I. Hence IS;,, = P,(2B;, — DIl — 0 as m —>co,
Thus (S; = (2B;; = D)) € Z' C C*(4) and hence S; € C*(4) and n(S;) = 2¢;; - I
Now change all the B;;, B, ,, B;,, W,;, X,; to be zero in the first my — 1 co-
ordinates. Then all our previous equations still are true. (We do not go back
and redo the proof, we just alter the operators we have.) Also

S, (W3 W, )S; = By,.

Let U, =S,W{; € C*(4). Then U\U,, =B,,, U, U}, =B, and m(U; ) =e;,.-
Now let Ej; = By, for all i and let Ej; = U, U}} if i # ], where we let U, =B, ,.
It then follows that E,;Ey, = 8,E,, n(E;) =e;, £}, = E;;. Also n(ZYE,) =1,
50,IP, (7 = ZVE)I < 1 for all n greater than some n,. But P,(I - ZVE)) is a
projection, hence P, (E’lv E}) =1, for all n greater than some n,,.

We have stated and proved Theorem 16 in the form given for notational
convenience, but the same proof proves a more general statement: Suppose
A=z @ A, with each 4, an irreducible finite matrix and C*(4) O Z'.
Further suppose that the sequence {P,: 1 < n} converges to a finite number of

unitarily inequivalent irreducible representations ,, My, « « .+, W, , €ach of which
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is finite dimensional. Then C*(4)/Z’ is isomorphic to B(Hz,) © B(Hr,) ®
. © B(Hn,,)- If {e(") 1<i,j<dim H,,}is a set of matrix units for
B(H W) 1<k<m, then there are elements E(]") € C*(A) such that (E("))* =
E®), E(")E(") 8,E), n(E)) = efF), and P(ZE{) =1, for all n greater
than some ng, where the summation 1s taken over all 7 and k.
We also remark that by using C. Olsen’s theorem [14, Theorem 2.3]
J. Calkin’s original method of lifting partial isometries out of the Calkin algebra

can be altered to give a more elegant proof of Theorem 16 in the case N = 2.

CoROLLARY 17. Let A be as in Theorem 16. Suppose that relative to
the matrix units (e; ) n(A) has the matrix (8;;) = B. Then there is an n such
that, for all n >n0, =B ®I+K, with IlK I —o0.

ProoF. Let D = EﬁiiE,.j where the Eii are as in Theorem 16. Then
n(D) =n(A),s0A - DEZ and A =D + K with K € Z'. But, for n > n,,
the E;; are matrix units for C*(4,). Hence D, I ® B=B QI forn>n,
and IK, I — 0.

By using the remarks just after the proof of Theorem 16, a structure
theorem for 4 similar to Corollary 17 could be stated and proved in the case
that the sequence {P,: 1 < n} converges to a finite number of unitarily in-
equivalent irreducible representations =, ,, ..., m,, each of which is finite
dimensional. In this case we would have that for large n: 4, = Z72, & (n(4)
®1I) + K,, where each I, is the identity on an appropriate space.

Also, if we do not assume that the P, are discrete in C*(A) and assume
instead that the sequence {P,: 1 < n} converges to P, for some /, then by con-
sidering 4' = =' D A,,, where now the prime denotes the fact that / is not in-
cluded in the summation, we still have that the conclusion of Corollary 17 is
valid, except that the n, must be chosen greater than /. If 4 = Z ©® A,, each
A, a finite irreducible matrix and C*(4)" Hausdorff with a finite number of
cluster points for {P,: 1 < n}, then by partitioning {P,: 1 <n} into a finite
number of disjoint subsequences, we immediately have a structure theorem similar
to Corollary 17.

In order to prove a structure theorem for arbitrary operators with Haus-
dorff spectrum, the only case that remains is the case when {P,: 1 <n} has
infinitely many cluster points. This case presents many complications, and we
have no results in this case.

In Theorem 16 we showed that #n x n matrix units can be lifted to
“almost matrix units”. We conclude this paper by showing that (even 2 x 2)
matrix units in C*(4)/Z’ or in B(H)/K(H) cannot in general be lifted to matrix
units in C*(4) or in B(H). Although this result is known (see the preliminary
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version of [1]) for B(H)/K(H) we include a proof and comments for completeness.

LEMMA 18. Let U, denote the unilateral shift of multiplicity one on
H. Then the operator T = (g l{)‘*) on H © H is not unitarily equivalent to a
compact perturbation of (3 f)).

PrROOF. Suppose that (’z{ ;,’ ) is a unitary operator implementing the
unitary equivalence between

(o U+> » <K1 I+ K2>

0 O K 3 K 4

where K|, K,, K5, K, € K(H). Straightforward calculations yield that Z =
UX(XK, + YK), K, =X*U,Z 1 +K, = X*U W, K, = Y*U,Z K, =
Y*U, W, and XX* + YY*=X*X + Z*Z = Y*Y + W*W = WW* + ZZ* =1
Hence Z € K(H) and Y*U, = Y*U, WW* + Y*U,ZZ* = K,W* + K,Z*.
It then follows that Y € K(H). Since Z, Y € K(H), we have that I — XX*,
I-X*X,I - WW*and I - W*W € K(H). By [1, Theorem 3.1], X and W
are compact perturbations of isometries or co-isometries of finite defect. In

particular, they are Fredholm operators. Since the index of the product of
Fredholm operators is the sum of the indices we obtain that

0 =ind(/ + K,) = ind(X*) + ind(U, ) + ind(W)
= - ind(X) - 1 + ind(W).

But we also have that

(X Y) <X 0>
0 =ind = ind = ind(X) + ind(W).
Z W V%

Adding these two equations yields 1 = 2 ind(W), which is a contradiction.
One easily verifies that the operator T in Lemma 18 is unitarily equivalent
to the operator

oei@(o l) onCGBi@C’.
n=1 00 n=1

We remark that the conclusion of Lemma 18 holds if and only if the multiplicity
of the shift U, is odd. The above-mentioned description of T and Lemma 18
establish that there exist operators S (for example, S = (g ;) and one dimen-
sional operators F (for example F = 0) such that § @ F is not unitarily equiv-
alent to a compact perturbation of S.
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PROPOSITION 19. Matrix units in B(H)/K(H) do not necessarily lift to
matrix units in B(H). In fact, there exist operators A as in Theorem 16 such
that matrix units in C*(A)/Z' do not lift to matrix units in C*(A).

ProoF. Let B=(3 }),let A4, =0onC,and forn>2let A, =B®I,
+K,, be an irreducible operator on C2" with IX, 1< 1/n. Then4=2;_ l@A n
is as in Theorem 16. Now A is a compact Z'-perturbation of the operator
0®Z_, 37 (B ®1,), which in turn is unitarily equivalent to the operator T’
of Lemma 18. Hence m(A) generates a set of 2 x 2 matrix units in C*(4)/Z'
and hence in B(H)/K(H). However, if A were a compact perturbation of a
partial isometry ¥ whose initial space V*V and final space ¥¥* sum to J, then,
since with respect to this decomposition V is of the form (g g ) where U'is a
unitary operator from V*¥ onto V¥* which is in turn unitarily equivalent to
(g {,), we would obtain a contradiction from Lemma 18.

REFERENCES

1. L. G. Brown, R. G. Douglas and P. A. Fillmore, Unitary equivalence modulo the
compact operators, Proc. Conf. on Operator Theory, Lecture Notes in Math., vol. 345,
Springer-Verlag, Berlin and New York, 1973, pp. 58—128.

2. J. W. Bunce and J. A. Deddens, Irreducible representations of the C*-algebra
generated by an n-normal operator, Trans. Amer. Math. Soc. 171 (1972), 301-307.

MR 46 #6051.

3. J. W. Calkin, Two-sided ideals and congruences in the ring of bounded operators
in Hilbert space, Ann. of Math. (2) 42 (1941), 839—873. MR 3, 208.

4. C. Davis, Separation of two linear subspaces, Acta Sci. Math. Szeged 19 (1958),
172-187. MR 20 #5425.

5. J. Dixmier, Les C*-algébres et leurs représentations, Cahiers Scientifiques, fasc.
29, Gauthier-Villars, Paris, 1964. MR 30 #1404,

6. , Ideal center of a C*-algebra, Duke Math. J. 35 (1968), 375—382.

MR 37 #5703.

7. J. Ernest, A classification, decomposition and spectral multiplicity theory for
bounded operators on a separable Hilbert space (to appear).

8. J. M. G. Fell, The dual spaces of C*-algebras, Trans. Amer. Math. Soc. 94 (1960),
365—-403. MR 26 #4201.

9. J. G. Glimm, On a certain class of operator algebras, Trans. Amer. Math. Soc.
95 (1960), 318—340. MR 22 #2915.

10. , Type I C*-algebras, Ann. of Math. (2) 73 (1961), 572—-612. MR 23
#A2066.

11. P. R. Halmos, Ten problems in Hilbert space, Bull. Amer. Math. Soc. 76 (1970),
887-933. MR 42 #5066.

12. I Kaplansky, Normed algebras, Duke Math. J. 16 (1949), 399-418. MR 11,
115.

13. , The structure of certain operator algebras, Trans. Amer. Math. Soc. 70
(1951), 219-255. MR 13, 48.

14. C. L. Olsen, A structure theorem for polynomially compact operators, Amer. J.
Math. 93 (1971), 686—698.

15. C. Pearcy, A complete set of unitary invariants for operators generating finite
W *-algebras of type 1, Pacific J. Math. 12 (1962), 1405—1416. MR 26 #6816.

16. C. Pearcy and N Salinas, Finite-dimensional representations of C*-algebras and
the reducing matricial spectra of an operator, Rev. Roumaine Math. Pures Appl. (to appear).




C*-ALGEBRAS WITH HAUSDORFF SPECTRUM 217

17. J. Tomiyama and M. Takesaki, Applications of fibre bundles to the certain class
of C*.algebras, Tohoku Math. J. (2) 13 (1961), 498—522. MR 25 #2465.

18. J. Tomiyama, Topological representation of C*-algebras, Tohoku Math. J. (2)
14 (1962), 187—204. MR 26 #619.

19. N. B. Vasil'ev, C*-algebras with finite dimensional irreducible representations,
Uspehi Mat. Nauk 21 (1966), no. 1 (127), 135—154 = Russian Math. Surveys 21 (1966),
no. 1, 137-155. MR 34 #1871.

20. F. B. Wright, A reduction for algebras of finite type, Ann. of Math. (2) 60
(1954), 560—-570. MR 16, 375.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KANSAS, LAWRENCE,
KANSAS 66045 (Current address of both authors)

DEPARTMENT OF MATHEMATICS, STATE UNIVERSITY OF NEW YORK AT
BUFFALO, AMHERST, NEW YORK 14226



